Abstract -The convergence of difference schemes for the two-dimensional weakly parabolic equation (elliptic equation with a dynamic interface condition) is studied. Estimates for the rate of convergence "almost" (except for the logarithmic factor) compatible with the smoothness of the differential problem solution in special discrete Sobolev norms are obtained.
Introduction
The modern theory of convergence of difference schemes for elliptic partial differential equations was started by A. A. Samarskii, R. D. Lazarov and V. L. Makarov [20] . According to [15] , estimates for elliptic problems of the type
are called estimates compatible with the smoothness of the solution u. Here v is a discrete solution, h is a discretization parameter, and W k p (ω) is a discrete Sobolev space. Such estimates can not be derived by the Taylor formula because the functions belong to Sobolev spaces and the Bramble-Hilbert lemma and its generalizations [2, 5] are often used.
The ideas of [20] have been further developed in [7] to obtain convergence rate estimates for parabolic and hyperbolic problems.
Interface problems model many phenomena in science and engineering and various forms of jump (interface) relations satisfied by the solution and its derivatives are known [6, 16] . In [3] , a review of the recent results on numerical solutions of elliptic and parabolic twodimensional interface problems is presented. In [11, 13, 23] , the convergence of FDM for different elliptic, parabolic, and hyperbolic problems in which the solution is continuous on the interface curves, while the flow is discontinuous, has been studied.
In the present work, a weakly parabolic problem is considered i.e, a problem in which the solution satisfies an elliptic equation in two adjacent regions, and on the interface -a dynamic conjugation condition. The existence of a generalized solution for different assumptions of smoothness of the input data is proved in the next section. For the numerical solution the implicit difference scheme with an averaged right-hand side is analyzed in Section 3. The convergence of this scheme in special discrete Sobolev norms is proved in Section 4. Similar results for weighted difference schemes also hold.
Regularity of the continuous solution
We consider the initial boundary-value problem (IBVP) with the dynamic boundary condition
is the Laplace operator, ∂/∂ν = ∂/∂x 2 is the normal derivative on S and
A similar problem is considered in [21] . In a standard manner one obtains a weak form of IBVP (1)
where ∇u · ∇v = 
The same weak form corresponds to the following IBVP:
, where the equality is considered in the sense of the theory of distributions [22] . In this sense, IBVPs (1) and (2) are equivalent. Further, problem (2) will be called a weakly parabolic problem since its parabolic nature appears only on S × (0, T ).
The following abstract Cauchy problem correspond to the IBVP (2): 
The following assertion holds [12] : Lemma 1. For the solution of (3) the following a priori estimates hold:
In the case where ϕ(t) = Bψ (t), we have
and
Therefore,
2 (S) we denote the space of functions u(x 1 , x 0 2 ) defined on S, with the norm
(S) -its dual space. As is well known, the inner product (u, v) L 2 (S) can be continuously extended to the map (u,
(S) is defined as follows:
.
From the results of [1] it follows that
Also, it is easy to prove that
In this way, the a priori estimates (4) and (5) in the case of the IBVP (2), take the form
Remark 1. The proof of Lemma 1 can be found in [8] (for B = I = identity operator) and [12] (for B > 0). The Fourier expansion is used to obtain estimates (4) and (6) . Estimates of these types for the parabolic PDEs obtained using the Fourier transform are given in [14] . In our case, the operator B is only non-negative and (4) leads to the nonstandard a priory estimate (7) . Note that the functional space containing the generalized solution of the IBVP (1) is determinated by (7):
Using Lemma 1 and equation (1), we get the following assertion:
and the following a priori estimate is fulfilled:
) and the following estimate holds:
Difference approximation
Let ω i be a uniform mesh with a step
For simplicity, we suppose that x 0 2 is a mesh point of ω 2 . Suppose that ω
Further, we shall use the standard notations [19] 
We shall approximate the IBVP (2) on the meshQ hτ =ω 1 ×ω 2 ×ω τ by the implicit difference scheme with the averaged right-hand side
where ∆ h v = vx 1 x 1 + vx 2 x 2 is the difference Laplace operator,
is the difference Dirac delta function, and T i , T − t are the Steklov averaging operators [15] :
Note that these operators are self-comutative and transform the derivatives to difference relations, for example,
Let us consider the operator-difference scheme of the form
which corresponds to problem (8 
In the case of ϕ = B h ψt the following a priori estimates hold
Let H h be the space of mesh functions defined on ω h , equal to zero on γ h , endowed with the inner product and the norm
We also denote
Problem (8) can be reduced to form (10) if one sets
Further we shall make use of the assertion:
Lemma 4. Let v ∈ H h and w be a mesh function defined on
The proof is analogous to the proof of Lemma 2 in [10] .
Convergence of the difference approximation
Let u be the solution of the IBVP (2) and v -the solution of the difference scheme (8) . The error z = u − v satisfies the difference problem
where
We rewrite the difference scheme (11) as the operator difference scheme
Using Lemmas 3 and 4, we get the a priori estimate
Therefore, in order to estimate the rate of convergence of the difference scheme (8) , it is sufficient to estimate the norms of ξ, η 1 , η 2 and ζ on the right-hand side of (12) . We begin with η 2 . Letting
and using (9) , it is easy to find the integral representations
Using the technique from [9] , we get
The last three estimates give
In a similar way, we let η 1 = η 11 + η 12 + η 13 , where
When x ∈ ω h \σ h the expressions η 1j can be estimated in a similar way as their corresponding η 2j (j = 1, 2, 3). When x ∈ σ h the expression η ± 13 can be estimated as η 13 
and an alogous representation holds for η
. Reasoning as in the last case, we get the estimate
The integral representation
and the imbedding theorem imply
The terms containing the expression ξ can be estimated as in [12] . Therefore, we get
Now, from (12)- (17) we obtain the desired estimate for the convergence rate of the difference scheme (8) 
(S×(0,T ))
. . Remark 2. An analogous result holds for the weighted scheme
where v 
